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The central compact object within HESS J1731-347 possesses unique mass and radius properties that
renders it a compelling candidate for a self-bound star. In this research, we examine the capability of quark
stars composed of color superconducting quark matter to explain the latter object by using its marginalized
posterior distribution and imposing it as a constraint on the relevant parameter space. Namely, we
investigate quark matter for Nf ¼ 2; 3 in the color superconducting phase, incorporating perturbative QCD
corrections, and we derive their properties accordingly. The utilized thermodynamic potential of this work
possesses an MIT bag model formalism with the parameters being established as flavor-independent. In this
instance, we conclude the favor of the 3-flavor over the 2-flavor color superconducting quark matter and we
isolate our interest on the former, without neglecting the possible favor of the latter in a different
framework. The parameter space is further confined due to the additional requirement for a high maximum
mass (MTOV ≥ 2.6M⊙), accounting for GW190814’s secondary companion. Our study places significant
emphasis on the speed of sound and the trace anomaly which was proposed as a measure of conformality
[Y. Fujimoto et al., Phys. Rev. Lett. 129, 252702 (2022).]. We conclude that it is possible for color-flavor
locked quark stars to reach high masses without violating the conformal bound or the hΘiμB ≥ 0, provided
that the quartic coefficient α4 does not exceed an upper limit which depends on the established MTOV. For
MTOV ¼ 2.6M⊙, we find that the limit reads α4 ≤ 0.594. Lastly, a further study takes place on the
agreement of color-flavor locked quark stars with additional astrophysical objects including the
GW170817 and GW190425 events, followed by a relevant discussion.

DOI: 10.1103/PhysRevD.108.063010

I. INTRODUCTION

A substantial amount of activity has been focused on
Witten’s proposal regarding the true ground state of matter
[1] (following Bodmer’s important precursor [2]). The
hypothesis of quark matter consisting of u, d, and s quarks,
also called strange matter, having an energy per baryon
lower than that of nuclear matter and u, d quark matter,
along with the expectation of deconfined quark matter at
high densities [3–7], has lead to the study of an exotic
outcome called strange stars [7–10]. Such objects, due to
their nature, can reach arbitrarily small radii and masses [7].
Later work has shown that the aforementioned matter

should be a color superconductor, a degenerate Fermi gas in
which the quarks near the Fermi surface form Cooper pairs,
breaking the color gauge symmetry [11–13]. At asymp-
totically high densities, the most favorable state for strange
quark matter is the color-flavor-locked (CFL) phase, a
superfluid which furthermore breaks chiral symmetry,
where quarks of all three flavors and colors pair with each
other in a correlated way [11–14].

Color superconductivity can moreover occur in two-
flavor quark matter, where u quarks pair with d quarks,
resulting in the 2-flavor color superconducting (2SC)
phase, which can be energetically favorable regarding
nuclear matter under the application of an appropriate
stability window. A 2SC phase with the inclusion of
unpaired strange quarks (2SC+s) is also possible, though
Alford and Rajagopal have concluded the absence of such
phases in the interior of compact stars [15].
A recent analysis on the supernova remnant HESS

J1731-347 suggests that the mass and radius of the central
compact object within it are M ¼ 0.77þ0.20

−0.17M⊙ and
R ¼ 10.4þ0.86

−0.78 km respectively [16]. This estimation is
rather intriguing. Considering that a previous analysis
by Suwa et al. [17] indicated that the minimum possible
mass of a neutron star is 1.17M⊙, it raises the question of
whether the compact object in HESS J1731-347 could be
an exotic one rather than a neutron star. Several studies
have already examined the possibility of the latter object to
be a hybrid star [18,19] or a strange star [20,21].
We furthermore turn our attention to the notable

GW190814 event [22] which represents the observation
of a merger between a 22.2 − 24.3M⊙ black hole and a
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compact object with a mass of 2.50 − 2.67M⊙ (measure-
ments reported at the 90% credible level). Specifically, the
primary component of the GW190814 is conclusively a
black hole (BH) with mass m1 ¼ 23.2þ1.1

−1.0M⊙, while the
nature of the secondary companion m2 ¼ 2.59þ0.08

−0.09M⊙ still
remains uncertain due to the absence of measurable tidal
deformations and the lack of an electromagnetic counter-
part. In this study, we also explore the possibility that the
aforementioned object could be a CFL quark star and we
investigate the implications of this conjecture on CFL
quark matter and the associated parameter space. It is
worth emphasizing that the potential for the object to be
rapidly rotating has not been ruled out. In any case, the
observation of this event can lead both to the improvement
of the existing theoretical nuclear models and to the search
for new theories that will predict compact systems with
such a significant mass.
In this paper, we use an approximate yet quite accurate

thermodynamic potential within an MIT bag model [23]
formalism, we establish flavor-and-density-independent
parameters, to derive an EoS corresponding to CFL quark
matter. We follow the respective technique for 2SC quark
matter and further produce the stability window on the two-
dimensional parameter space Δ-B1=4

eff for the aforemen-
tioned phases. A conclusion about the energetic preference
of CFL over 2SC matter using the specific model is
displayed. We narrow our focus on CFL quark matter
and proceed to the examination of the speed of sound (υs)
corresponding to the latter, additionally studying the
behavior of the normalized trace anomaly as presented
in [24]. Several studies of quark stars composed of color-
flavor locked quark matter (CFL quark stars) have pre-
sented that these objects can reach great maximum masses
[25–28]. Our prime goal is to present the capability of CFL
quark stars to explain the HESS J1731 − 347 compact
object, as well as objects with masses equal or greater than
that of GW190814’s secondary companion [22] without
violating the conformal limit (υ2s → 1=3) or the positive
trace anomaly bound proposed in [24]. A depiction on how
these two events can constrain the parameter space takes
place. Lastly, we investigate the further compliance of CFL
quark stars, whose parameters are extracted from the
aforementioned confined area, with various astrophysical
objects [29–34] and the LIGO-Virgo events [35,36]. We
note the utilization of natural units throughout this research,
excluding the radii of the objects in examination which are
described in SI units.
The presented work is organized as follows. Section II

is devoted to the discussion of the properties of color
superconducting quark matter. In Sec. III we present the
confinements on the Δ − Beff parameter space induced by
observational constraints while Sec. IV is dedicated to the
presentation of the basic formalism concerning the tidal
deformability. In Sec. V we study the behavior of the trace
anomaly within the framework of CFL quark matter and

examine the compatibility of the latter with the limits
induced by the speed of sound. In Sec. VI we present our
results, followed by a discussion regarding their implica-
tions. Finally, we close with some concluding remarks in
Sec. VII.

II. PROPERTIES OFCOLOR SUPERCONDUCTING
QUARK MATTER

A. CFL quark matter

We begin by displaying the thermodynamic potential of
the CFL phase as shown in [37]

ΩCFL ¼ Ωquarks
CFL ðμÞ þΩGB

CFLðμ; μeÞ þΩelectronsðμeÞ: ð1Þ

Where 3μ ¼ μu þ μd þ μs and μe is the baryon and electron
chemical potential, respectively. The presence of the
second term in Eq. (1), which is the contribution from
the Goldstone bosons, arises due to the chiral symmetry
breaking induced by the CFL phase [14,37,38].
Rajagopal and Wilczek [39] showed that the CFL phase

is electrically neutral with an equal number of u, d and s
quarks, in spite of the unequal masses, as long as the
strange quark mass ms and the electron chemical potential
μe is not too large. In the following, we establish ms ¼
95 MeV [40] and we neglect the electron contribution in
Eq. (1). In this case, Alford and Reddy demonstrated that
the second term in Eq. (1) can be also safely neglected [37].
Thus, the thermodynamic potential to order Δ2 including
p(erturbative) QCD corrections is [37,38,41–44]

ΩCFL ¼ 6

π2

Z
ν

0

p2ðp − μÞdp

þ 3

π2

Z
ν

0

p2
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p2 þm2
s

q
− μ

�
dp

þ 3μ4

4π2
ð1 − a4Þ −

3Δ2μ2

π2
þ Beff : ð2Þ

Where ν is the common Fermi momentum of the quarks
that are “going to pair,” forced by the CFL phase so that
charge neutrality is established without the inclusion of an
electron number density

ν ¼ 2μ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
μ2 þm2

s

3

r
: ð3Þ

Hence, the quark number densities are nu ¼ nd ¼ ns ¼
ðν3 þ μ3ða4 − 1Þ þ 2Δ2μÞ=π2.
The pQCD corrections are represented by the (1 − a4)

term up to Oða2sÞ, where the quartic coefficient a4 can vary
from the value a4 ¼ 1when no strong interactions are taken
into consideration, to rather small values when these
interactions become important [38,41]. The next term of
Eq. (2) represents the color superconductivity contribution
via the gap parameter Δ while the last term is the effective

P. T. OIKONOMOU and CH. C. MOUSTAKIDIS PHYS. REV. D 108, 063010 (2023)

063010-2



bag constant Beff , representing the nonperturbative QCD
vacuum effects.
By taking into account that ms < μ, Lugones and

Horvath argued that an approximation of ΩCFL up to m2
s

is sufficiently accurate [44]. Thus, by expanding the
thermodynamic potential in powers of ms=μ, Eq. (2)
becomes [38,44]

ΩCFL ¼ −
3a4
4π2

μ4 þ 3m2
s − 12Δ2

4π2
μ2 þ Beff : ð4Þ

By utilizing the thermodynamic relations

P ¼ −Ω; ni ¼
∂P
∂μi

;

E ¼
X
i

niμi − P; ð5Þ

we will derive an EoS that describes the energy density E of
the CFL state as a function of the respective pressure P. For
simplicity reasons, we define two new parameters

k ¼ ffiffiffiffiffi
a4

p
; w ¼ a2

k
; ð6Þ

where we have introduced the quadratic coefficient a2 ¼
m2

s − 4Δ2, as displayed by Alford et al. [38]. According to
Eqs. (5), the energy density reads

ECFL ¼ 9k2

4π2
μ4 −

3kw
4π2

μ2 þ Beff : ð7Þ

which can be rewritten in terms of the pressure P by
using Eq. (4)

ECFL ¼ 3Pþ 4Beff þ
3w2

4π2
þw
π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3ðPþBeffÞþ

9w2

16π2

s
: ð8Þ

Eq. (8) represents the EoS of strange stars composed of CFL
quark matter. An akin result was also derived in [45]. We
further note that in this instance, the gap condition corre-
sponding to the favoring of CFL quark matter over unpaired
neutral strange quarkmatter was computed to beΔ>m2

s=4μ
[15,43] and was later confined by M. Alford et al. to the
following stability condition of the CFL phase [46]

Δ>
m2

s

2μ
: ð9Þ

By virtue of the Hugenholtz–van Hove theorem [7], the
energy per baryon number E=A is equal to the baryon
chemical potential 3μ at vanishing pressure (or, equiva-
lently, at Ω ¼ 0). Therefore, by using Eq. (4), we conclude
the following correlation

�
E
A

�
CFL

¼ 2
ffiffiffi
6

p
π

k1=2
B1=2
effffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

16π2

3
Beff þ w2

q
− w

r ; ð10Þ

which is crucial for the stability examination of CFL quark
matter.

B. 2SC quark matter

The scrutiny of the properties of 2SC quark matter is
quite more straightforward regarding the CFL state due to
the vanishment of both u and d quark masses. Namely, we
establish nd ¼ 2nu to ensure charge neutrality, reaching the
following form for the corresponding thermodynamic
potential [45]

Ω2SC ¼ −
½3−4=3ð1þ 24=3Þ�−3a4

4π2
μ4 −

Δ2

π2
μ2 þ Beff : ð11Þ

In this instance 3μ ¼ μu þ 2μd. We note here that the
condition regarding the favoring of 2SC quark matter over
neutral unpaired 2-flavor quark matter is satisfied regard-
less the value of Δ, since it simply reads Δ2 > 0. Thus, the
superconducting parameter can have arbitrary (positive)
values.
The respective EoS, which can be derived by following

the exact same formalism depicted on the above section,
reads

E2SC ¼ 3Pþ 4Beff −
4Δ4

cπ2

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cπ2

Δ4
ðPþ BeffÞ þ 1

r
− 1

�
;

ð12Þ

where c ¼ ½3−4=3ð1þ 24=3Þ�−3k2. The above equation once
more corroborates the findings presented in [45]. Lastly, the
energy per baryon number of 2CS quark matter is equal to

�
E
A

�
2SC

¼ 3
ffiffiffi
2

p
πB1=2

effffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cπ2Beff þ Δ4

p
þ Δ2

q : ð13Þ

Eqs. (10) and (13) are critical for the establishment of the
appropriate stability constraints and will be utilized in the
next section.

III. STABILITY AND OBSERVATIONAL
CONSTRAINTS

A. Stability constraints

Prior to the study of color-superconducting quark stars,
observational constraints should be taken into account.
Particularly, we adopt and establish four stability con-
straints regarding the quark matter studied above; two of
them concern the utter stability of CFL and 2SC quark
matter having an energy per baryon E=A ≤ 930 MeV

COLOR-FLAVOR LOCKED QUARK STARS IN LIGHT OF THE … PHYS. REV. D 108, 063010 (2023)

063010-3



respectively, where 930 MeV is roughly the energy per
baryon of the most stable nucleus 56Fe. The third one
concerns the observed stability of ordinary nuclei and the
absence of their decay to u, d quark droplets. This term thus
corresponds to the energy per baryon of unpaired u, d (ud)
quark matter and reads ðE=AÞud ≥ 934 MeV, where we
have added 4 MeV due to surface effects [47]. The latter
constrain in conjunction with the second one (ðE=AÞ2SC ≤
930 MeV) induces a tighter lower limit on the gap Δ
range of the 2SC quark matter, depending on the quatric
coefficient a4. Particularly, for a specific gap value and
lower, the respective range of Beff values prompted by
the second stability constraint violates the stability of the
nuclei. As shown in Table I and Fig. 1 (purple lines), we
interestingly deduce that as a4 rises, that is as strong
interactions become more frail, the lower limit of the gap
rises as well. We note that in this work we account for a wide
space of the quartic coefficient α4 ∈ ½0.45; 1� [38,41,48,49].
The last stability constraint is induced by Eq. (9) which

regards the stability of the CFL phase. Its limitations are
presented in Fig. 1 (orange lines), where it is concluded that
for gaps about Δ ≈ 16 MeV (15 MeV for α4 ¼ 0.45) and
higher, the parameter space is not further constricted. This
is due to the fact that the corresponding stability line is
active beyond the third constraint which concerns the
stability of nuclei and thus cannot be violated (green lines).
Moreover, by accounting for the first stability constraint
regarding CFL quark matter (ðE=AÞCFL ≤ 930) along with
the confinement of Eq. (9), we conclude that the super-
conducting gap must not recede into values smaller than
14.556 MeV, so that μjP¼0 ≤ 310 MeV. This limitation can
be simply written in a way that highlights the ms depend-
ency as Δ>m2

s=620 MeV−1. Note that these results were
deduced with the establishment of a density-independent
superconducting gap Δ.
We now direct our study to the examination of the most

preferred quark matter phase and we conclude that the
model which is utilized in this work predicts the favoring of
CFL over 2SC quark matter. To elaborate, we do find a
window in the interior of which 2SC quark matter is more
stable than CFL quark matter. However, by taking into
account the third constraint which concerns the stability of

nuclei, we deduce that the aforementioned area is forbidden
sincewe have to violate the nuclei stability in order to utilize
Δ − Beff values that allow for the favor of 2SC over CFL
matter. This argument is illustrated with clarity in Fig. 1
(black lines) and further justified in Fig. 2, wherewe observe
that for a given pressure P, the average quark chemical
potential μ with the highest value corresponds to the 2SC
state, making it less favorable than the CFL phase. It is
evident however that this justification applies on themodel in
usage where we have established flavor-independent param-
eters. Flavor-dependence can certainly be possible (e.g., on
Beff [50,51], or Δ [12,13,52,53]) and affect our depicted
results [54], thereby indicating new possibilities regarding
the true ground state of matter. Without neglecting the
possibility of a favored 2SC quark matter, which can be
possible in a more realistic density-and-flavor dependent
model, we focus our work solely on CFL quark matter.

B. Observational constraints

In order to investigate the compatibility of CFL quark
stars with the HESS J1731-347 remnant and the secondary
companion of the GW190814 event, additional constraints

FIG. 1. The black lines represent the favor boundary, indicating
the threshold at which the two investigated states of quark matter
are equally stable, illustrated in the Δ-B1=4

eff parameter space.
Within the confines of these lines, the 2SC quark matter appear
more favorable compared to the CFL quark matter. Conversely,
outside this region, the favorability is reversed. The orange lines
correspond to the stability condition of the CFL phase, repre-
sented by Eq. (9). This condition is satisfied within the interior
space to the right of these lines. The purple stability lines depict
the stability boundaries of 2SC quark matter, with “CS” standing
for color-superconducting. On the left of these lines, the afore-
mentioned matter is more stable than nuclear matter. Lastly, the
green lines serve as a limit for the surety of the favor of ordinary
nuclei over neutral unpaired u, d quark matter, making the two-
dimensional parameter space left of them forbidden. These results
are presented for three distinct α4 values, under the assumption
that ms ¼ 95 MeV.

TABLE I. Minimum possible values of the superconducting
gap Δ corresponding to 2SC quark matter, induced by the
2-flavor stability line, for various values of the quartic coefficient
a4 and for fixed ms ¼ 95 MeV.

2SC Quark Matter

a4 Δ (MeV)

0.45 >18.647
0.65 >22.411
0.85 >25.628
1.00 >27.798
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need to be imposed on the parameter space associated with
the measurements of these objects. Specifically, we narrow
our focus on the marginalized posterior distribution of
HESS J1731-347’s central compact object (excluding all
additional priors described on the text) which reads M ¼
0.77þ0.20

−0.17M⊙ and R ¼ 10.4þ0.86
−0.78 km [16]. By performing

a series of cubic spline interpolations we imported
robust limitations on the parameter space, corresponding
to the latter object, by establishing R0.97min ¼ 9.62 km and
R0.6max ¼ 11.26 km on the radii of CFL quark stars,
producing the corresponding lines in Fig. 3. This particular
choice of constraints is guided by the form of the M − R
curves, depicted in Fig. 7 of Sec. VI. It is evident that
the lower right (R0.6 ¼ 11.26 km) and upper left (R0.97 ¼
9.62 km) limits of the aforementioned posterior distribu-
tion (indicated by the yellow area in the figure) exclusively
constrain the M − R curves of CFL quark stars. By further
considering theM − R graph behavior, which is determined
by Eq. (8), we have ensured the validity of this formalism
with no exceptions. Furthermore, we perform additional
interpolations for the constraints related to the GW190814
event which we translate to a maximum mass bound of
MTOV ≥ 2.6M⊙, producing once more the corresponding
lines on the parameter space. Due to the finding of
[38,41,49], we take as an example two different cases of
the quartic coefficient a4 ¼ 0.65, 0.75 and by incorporating
the stability constraints of Sec. III A, we depict our overall
results in Fig. 3 (see comparable figures in [42,55]). Note
that the gap required in order to describe both of these
events is higher than Δ ¼ 60 MeV for the a4 ¼ 0.65 case
and higher than Δ ¼ 80 MeV for a4 ¼ 0.75, placing the
utility of the respective EoS in the negative w space.
The preference of positive over negative w values is a
key conclusion of this study and is primarily addressed
in Sec. V.

IV. TIDAL DEFORMABILITY

A very important source for the gravitational wave
detectors is the gravitational waves from the late phase
of the inspiral of a binary compact star system, before the
merger [56–58]. This kind of source leads to the measure-
ment of various properties of compact stars. In the inspiral
phase the tidal effects can be detected [57].
The k2 parameter, also known as tidal Love number,

depends on the equation of state and describes the response
of a compact star to the tidal field Eij [57]. The exact
relation is given below

Qij ¼ −
2

3
k2

R5

G
Eij ≡ −λEij; ð14Þ

where R and λ ¼ 2R5k2=3G is the star’s radius and tidal
deformability respectively [59–61]. The latter, for general
purposes, can be rewritten in a dimensionless form as
follows

Λ ¼ 2

3
k2

�
R
GM

�
5

¼ 2

3
k2β−5; ð15Þ

with β ¼ GM=R being the compactness of the star. The
tidal Love number k2 is given by [57,58]

FIG. 3. The 2-D parameter space Δ-B1=4
eff with applied obser-

vational constraints for two different values of α4 and fixed
ms ¼ 95 MeV. On the left of every stability line, the correspond-
ing matter is more stable than nuclear matter while the astro-
physical bounds indicate the appropriate regions that allow for the
explanation of the respective object as CFL quark stars; black for
the GW190814 event (MTOV ¼ 2.6M⊙) and blue for the mar-
ginalized constraints of the HESS J1731–347 remnant
(R0.97 min ¼ 9.62 km and R0.6max ¼ 11.26 km). The vivid light
blue area represents the window of the parameter space inside of
which both of the aforementioned objects can be explained for
α4 ¼ 0.65, while the frail shade corresponds to both (α4 ¼ 0.65
and α4 ¼ 0.75) cases. The green lines represent the same limit as
the one in Fig. 1 and thus the space left of them is excluded.

FIG. 2. The average quark chemical potential as a function of
the pressure for the CFL (purple) and 2SC (blue) conditions, at
fixed Δ, Beff and ms ¼ 95 MeV and for two different values
of a4.
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k2 ¼
8β5

5
ð1 − 2βÞ2½2 − yR þ ðyR − 1Þ2β�

× ½2βð6 − 3yR þ 3βð5yR − 8ÞÞ
þ 4β3ð13 − 11yR þ βð3yR − 2Þ þ 2β2ð1þ yRÞÞ
þ 3ð1 − 2βÞ2½2 − yR þ 2βðyR − 1Þ� ln ð1 − 2βÞ�−1;

ð16Þ

where the parameter yR is evaluated at the star’s surface by
solving numerically the following differential equation

r
dyðrÞ
dr

þ y2ðrÞ þ yðrÞFðrÞ þ r2QðrÞ ¼ 0; ð17Þ

with the initial condition yð0Þ ¼ 2 [62]. FðrÞ and QðrÞ are
functions of the energy density EðrÞ, pressure PðrÞ, and
mass MðrÞ defined as [56]

FðrÞ ¼ ½1− 4πr2GðEðrÞ−PðrÞÞ�
�
1−

2MðrÞG
r

�
−1
; ð18Þ

and

r2QðrÞ ¼ 4πr2G

�
5EðrÞþ 9PðrÞþ EðrÞþPðrÞ

∂PðrÞ=∂EðrÞ
�

×

�
1−

2MðrÞG
r

�
−1

− 6

�
1−

2MðrÞG
r

�
−1

−
4M2ðrÞG2

r2

�
1þ 4πr3PðrÞ

MðrÞ
�

2
�
1−

2MðrÞG
r

�
−2
:

ð19Þ

Equation (17) must be solved numerically and self-
consistently with the Tolman-Oppenheimer-Volkoff (TOV)
equations under the following boundary conditions:
yð0Þ ¼ 2, Pð0Þ ¼ Pc (Pc denotes the central pressure),
and Mð0Þ ¼ 0 [56,58]. From the numerical solution of the
TOVequations, the mass M and radius R of the star can be
computed, while the corresponding solution of the differ-
ential Eq. (17) provides the value of yR ¼ yðRÞ, where the
correction term −4πR3Es=M [7,48,56,61–64] (Es repre-
sents the energy density at the surface of the star) must be
added which accounts for the energy discontinuity since
our focus of interest lies on quark stars. The last parameter
along with the quantity β are the basic ingredients of the
tidal Love number k2. Lastly, we present the average tidal
deformability of a binary system which is defined as [7]

Λ̃ ¼ 16

13

ðM1 þ 12M2ÞM4
1Λ1 þ ðM2 þ 12M1ÞM4

2Λ2

ðM1 þM2Þ5
: ð20Þ

By exploiting the equations describing the tidal deform-
ability and the Love number k2, we can gain valuable
knowledge about the tidal properties of a star or/and a

binary system and compare them with the restrictions
induced by several gravitational wave events.

V. SPEED OF SOUND AND FURTHER
CONSTRAINTS FROM THE TRACE ANOMALY

In this section, the scrutiny of the speed of sound is
presented in response to the causality (υs ≤ 1) and the
conformal (υs ≤ 1=

ffiffiffi
3

p
) limit. The aforementioned quantity

is defined as

1

υ2s
¼ dE

dP
¼ 3þ 3w

2π
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3ðPþ BeffÞ þ 9w2

16π2

q ; ð21Þ

and it is evident that in the α2 ≥ 0 (w ≥ 0) space, neither of
the limits is violated (however, the υ2s values in this instance
are close to the conformal bound as presented in Fig. 4),
whereas in the α2 < 0 space (w < 0), the speed of sound
does violate the conformal limit ∀ Beff > 0 and w < 0
(see also the work conducted in [65–74]). The satisfaction
of the causality limit for the latter case can be discerned if
one brings Eq. (21) to the following form

Pþ Beff ¼
3w2

4π2

�
1

ð3 − υ−2s Þ2 −
1

4

�
; ð22Þ

and demand that Pþ Beff > 0. Our results seem to be in
agreement with the findings of [49] and are further depicted
on Fig. 4 which indicates an intriguing behavior of CFL
quark matter; for every case (w < 0 or w > 0) we chose to
depict three different Δ − B1=4

eff pairs. For w < 0, the pairs

presented from bottom to top are fΔ ¼ 60 MeV; B1=4
eff ¼

148 MeVg, fΔ¼ 120MeV;B1=4
eff ¼ 143MeVg, and fΔ ¼

180 MeV; B1=4
eff ¼ 135 MeVg respectively. Whereas for

w > 0, the pairs are fΔ ¼ 16 MeV; B1=4
eff ¼ 135 MeVg,

fΔ ¼ 30 MeV; B1=4
eff ¼ 140 MeVg, and fΔ ¼ 45 MeV;

B1=4
eff ¼ 145 MeVg respectively. Notice now that for the

former case (w < 0), by increasing α4 the speed of sound
depletes, whereas for the latter case (w > 0), the rise of α4
implies, by contrast, an increase to the speed of sound. This
behavior is also present in the stiffness of the respective
EoS (as illustrated in Fig. 5), where the first case corre-
sponds to the depletion of it while the second to an increase.
One can verify these results by bringing Eq. (8) to a form
P ¼ PðEÞ with the help of Eqs. (5) and notice the reduction
and increment of the pressure P (for a given E, Δ and Beff )
correspondingly. We elucidate that this, however, is not the
case for the other two free parameters (Δ and Beff ) as they
demonstrate a defined relation with the stiffness of the
EoS, independent of the parameter w (dP=dBeff < 0 and
dP=dΔ> 0) [44,75].
A recently conducted research [24,76], which proposes

the trace anomaly as a measure of conformality, demon-
strated that the speed of sound in the case of neutron stars
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does not violate the conformal bound when υ2s > 1=3, but it
displays a steep approach to the conformal limit. In
particular, the speed of sound υs is expressed solely in
terms of the trace anomaly and it is suggested that the latter
is a more comprehensive quantity than υs. The normalized
trace anomaly is defined as

D≡ hΘiT;μB
3E

¼ 1

3
−
P
E
; hΘiT;μB ¼ E − 3P; ð23Þ

where we replaced the original representation letter Δ
with D to avoid any possible confusion with the

superconducting gap parameter. In this instance, hΘiT;μB
is the matter part of the trace of the energy-momentum
tensor and the quantity D must satisfy the obvious con-
straints −2=3 ≤ D ≤ 1=3. The speed of sound can then be
written in terms of D as follows

υ2s ¼
1

3
−D − E

dD
dE

; ð24Þ

where 1=3 −D and −EdD=dE is the nonderivative and
derivative term, respectively. The latter is responsible for
the peak of the speed of sound as shown in [24]. It is

FIG. 4. Upper panel: The speed of sound as a function of the pressure in the w < 0 space (left) for fΔ ¼ 60 MeV; B1=4
eff ¼ 148 MeVg,

fΔ ¼ 120 MeV; B1=4
eff ¼ 143 MeVg, and fΔ ¼ 180 MeV; B1=4

eff ¼ 135 MeVg along with the w > 0 case (right) for fΔ ¼ 16 MeV;

B1=4
eff ¼ 135 MeVg, fΔ ¼ 30 MeV; B1=4

eff ¼ 140 MeVg, and fΔ ¼ 45 MeV; B1=4
eff ¼ 145 MeVg. The pairs in each case are depicted

from bottom to top respectively and the dashed lines represent the same limit υ2s → 1=3. Lower panel: The trace anomaly as a function of
the energy density (normalized to the value of the saturation energy density E1=4

0 ¼ 184.25 MeV), in the same w areas for

fΔ ¼ 85 MeV; B1=4
eff ¼ 135.84 MeVg, fΔ ¼ 120 MeV; B1=4

eff ¼ 143 MeVg, and fΔ ¼ 180 MeV; B1=4
eff ¼ 138 MeVg in w < 0 and

fΔ ¼ 16 MeV; B1=4
eff ¼ 140 MeVg, fΔ ¼ 30 MeV; B1=4

eff ¼ 138 MeVg, fΔ ¼ 45 MeV; B1=4
eff ¼ 135 MeVg in w > 0. The dashed lines

in this case represent the limit induced from the hΘiμB ≥ 0 bound while the pairs are depicted from top to bottom. Each presented
pair satisfies the stability constraints of Sec. III while the utilized w < 0 pairs of the lower panel additionally lie within the frail blue
window of Fig. 3.
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furthermore implied that there may be a positive bound of
the trace anomaly reading hΘiμB ≥ 0, for cold dense matter.
We examine this limit and find that for w < 0 a violation is
possible if the pressure of CFL quark matter infringes the
following condition

B2
eff ≥

3w2

16π2
ðP − BeffÞ: ð25Þ

However, it is apparent that for w ≥ 0 the positive bound is
not violated. These results are presented on the lower panel
of Fig. 4 for the trace anomalyD as a function of the energy
density E. A further depiction of the derivative and non-
derivative parts of the speed of sound is displayed on Fig. 6
where we have included great densities to exhibit the
respective behavior of υs, asymptotically reaching the
1=3 value as predicted from Eq. (21).
It is concluded that in the w < 0 space violations occur in

both of the scenarios examined above, contrary to the
w ≥ 0 case. The latter range (and thus small Δ) is also
favored due to high temperatures on the surface of the
HESS J1731-347 remnant as explained by J.E. Horvath
et al. in [20] (see also the work of F. Di Clemente et al. in
[21]). An additional theoretical justification for the w ≥ 0
preference also arises from the discussion in Sec. III.
Specifically, positive w values are associated with small
Beff values, as one can see from Fig. 3, which favor the
existence of CFL quark starts and discourage the formation
of hybrid stars, as demonstrated in [37]. One possible
approach to thus focus in this instance is to lower the
quartic coefficient α4 until the objects of interest can be

described by gap values in the w ≥ 0 space (we demon-
strated in Sec. III that as smaller values of α4 are examined,
the minimum gap required depletes). We accordingly focus
on this proposition and find that, for the constraints
discussed in Sec. III, the limit placed on the quartic
coefficient is about α4 ≤ 0.594, independent of the strange
quark’s mass valuems. The sole role on the derivation of this
bound lies within theMTOV ≥ 2.6M⊙ constraint as one can
see fromFig. 3. Thus, one can establish a lower limit to gain a
higher limit on α4 and vice versa (for MTOV ≥ 2.5M⊙ the
limit reads α4 ≤ 0.643). Moreover, if we only take into
account themarginalized constraints of theHESSJ1731-347
remnant,we find that no such limit has to be induced sincewe
can utilize the w ≥ 0 space for every α4 value discussed in
Sec. III.

VI. PROPERTIES OF CFL QUARK STARS

It is interesting and furthermore critical to investigate the
further compliance of CFL quark stars whose parameters

FIG. 6. The speed of sound along with the respective derivative
and nonderivative terms, as functions of the normalized loga-
rithmic energy density lnðE=E0Þ for w < 0 (upper figure) and
w > 0 (lower figure) with fixed α4 ¼ 0.65.

FIG. 5. The pressure as a function of the energy density for
two different values of the superconducting gap Δ ¼ 30 MeV
(B1=4

eff ¼ 140 MeV) and Δ ¼ 80 MeV (B1=4
eff ¼ 153 MeV), rep-

resenting the w > 0 and w < 0 space respectively, and for two
different values of α4. Note that for w > 0, an increase of α4
implies a stiffening to the EoS (as the pressure for a given energy
density value is higher), while the contrary takes place in the
w < 0 space.
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are extracted from the confined (blue) window of Fig. 3,
with other astrophysical objects and gravitational wave
events. In the following, we take into account two different
values of the quartic coefficient α4 ¼ 0.65 and α4 ¼ 0.55
and examine the properties of such stars. The choice of the
latter value is based on the findings of [20] and the
conclusions of Sec. V, where violations on the speed of
sound and the trace anomaly for w < 0 were depicted.
These findings encourage us to consider α4 values that
allow for the utilization of the w ≥ 0 space. The choice of
the former α4 value is based on the results of [41].
In Fig. 7(a) we depict numerous M − R graphs for the

a4 ¼ 0.65 case with the respective parameter pairs Δ − Beff
being extracted from the limited area of Fig. 3. The
maximum displayed mass is fixed at 2.8M⊙, while the
highest achievable mass for the parameters in utilization
has a magnitude of 3.89M⊙. The colored bands and error
bars represent observational data corresponding to several
astrophysical objects [16,22,29–34], while the 2-d posterior
with credible intervals represents the constraints on the
M − R properties of the GW170817 binary system [77].
Note that every Δ value in this instance lies within the
w < 0 space as indicated in Sec. III. Even though the 2-d
posterior is satisfied by a number of CFL quark stars, we
find that the respective EoS that describes their interior is
not soft enough to satisfy the total tidal constraints of the

GW170817 event [77,78]. The production of such soft EoS
is not, however, unachievable; we conclude that CFL quark
stars that satisfy the parameter constraints depicted in this
research, can additionally satisfy the tidal constraints of
the GW170817 event at extremely high values of the gap
parameter Δ, as shown in Table II for three different α4
values. It is concluded that the minimum gap must have
values that exceed 200 MeV, with the respective minimum

effective bag parameter being about B1=4
eff ¼ 168.94 MeV

for every α4. Such high values have also been deduced and/
or studied in [49,69,79]. Once more, the reason behind such
strict confinements is solely due to the MTOV ≥ 2.6M⊙

FIG. 7. Mass-radius relations of CFL quark stars for (a) α4 ¼ 0.65 and various Δ − Beff pairs (Δ∈ ½80; 180� MeV and
B1=4
eff ∈ ½130.6; 161� MeV) that satisfy the constraints deduced in Sec. III. (b) α4 ¼ 0.55 and several Δ − Beff pairs that also satisfy

the aforementioned limits, with the red solid lines additionally lying within the w ≥ 0 space (Δ∈ ½35.5; 47.5� MeV and
B1=4
eff ∈ ½124.87; 127.32� MeV), and the colored dashed ones being consistent with the GW170817 and GW190425 tidal constraints

(fΔ¼ 211MeV;B1=4
eff ¼ 169.08MeVg, fΔ¼ 221MeV;B1=4

eff ¼ 170.94MeVg, fΔ¼ 231MeV;B1=4
eff ¼ 172.66MeVg, fΔ ¼ 241 MeV;

B1=4
eff ¼ 174.25 MeVg, and fΔ ¼ 251 MeV; B1=4

eff ¼ 175.75 MeVg). The black solid line represents the softest EoS possible in the

w ≥ 0 space with ½Δ ¼ 47.5; B1=4
eff ¼ 127.32� MeV. From top to bottom, the colored bands correspond to measurements of,

GW190814’s secondary companion [22], PSR J0952-0607 [29], PSR J0740þ 6620’s marginalized posterior distribution [30],
PSR J0348þ 0432 [31], PSR J1614-2230 [32], GW170817 (solid and dashed lines represent the 90% and 50% credible level
respectively) [77], and HESS J1731-347’s marginalized distribution [16]. The error bars with null background represent the
marginalized distributions of 4U1702 − 429 [33] and PSR J0030þ 0451 [34] correspondingly.

TABLE II. Minimum possible values of the gap Δ needed
in order for CFL quark stars to additionally satisfy the total
tidal constraints of the GW170817 event, for three different α4
values. These constraints are also depicted in Figs. 8 and 9.
The respective minimum effective bag parameter is about
B1=4
eff ¼ 168.94 MeV, for every α4.

α4 Δmin (MeV)

0.55 210.29
0.65 218.87
0.75 226.38
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limit. Thus, one can adjust this limit to gain less or more
restrictive constraints accordingly (lower mass constraints
allow for bigger Beff values and lower but sufficiently high
Δ). We further note that for such high gaps, the violation of
the hΘiμB ≥ 0 bound occurs at densities of magnitude
E=E0 ≈ 3.89, depleting for increasing Δ and respective
Beff values that satisfy the constraints mentioned in Sec. III.
Consequently, the satisfaction of the hΘiμB ≥ 0 limit poses
a challenge and can induce further constraints if we wish
to explain the GW170817 event along with masses of
magnitude MTOV ≥ 2.6M⊙.
We proceed to study the compliance of CFL quark stars

with the LIGO-Virgo tidal constraints [77,78] for a4 ¼
0.55 due to the allowed utilization of the w ≥ 0 space. It is
however evident that in the instance examined in this work,
the aforementioned tidal constraints cannot be described in
the w ≥ 0 space regardless the α4 value. In Fig. 7(b) we
depictM − R graphs of CFL quark stars described by a4 ¼
0.55 (the minimum gap required to satisfy the constraints of
Sec. III in this case is about Δmin ¼ 35.01 MeV) in the
w ≥ 0 space (the highest presented and achievable mass has
a value of 2.7M⊙) and for large values of the gap Δ that can
satisfy the tidal constraints of GW170817. For the latter
case, we chose the biggest possible Beff value for the
corresponding gap Δ that allows for M ¼ 2.6M⊙ in order
to achieve the softest EoS and thus the best correspondence
with the GW170817 constraints. Note that in the case of
w > 0 (red solid lines) the compliance in respect to other
astrophysical objects is not as robust as in the case of
Fig. 7(a). That is due to the narrowed Beff space induced by
the MTOV ≥ 2.6M⊙ limit, forbidding big effective bag
values and thus the further softness of the EoS. One can

deal with such an inconvenience by applying bigger Δ
values and extending the Beff window but entering the
w < 0 space. Another possible approach without the need
for much bigger Δ is to establish higher α4 values. In this
case, the EoS becomes stiffer for a given Δ − Beff pair as
predicted from Fig. 5, extending the Beff window and thus
allowing for higher compactness. Furthermore, the obser-
vational constraints become wider as the quartic coefficient
increases, supporting the aforementioned extension.
However, the range between α4 ¼ 0.55 and α4 ¼ 0.594 is
too frail for significant changes to be induced and the gap
window in the w ≥ 0 space becomes significantly more
limited as the quartic coefficient rises. Additionally, we find
that the softest possible EoS in the w ≥ 0 space for an
establishedMTOV occurs for w ¼ 0, independently of the α4
value. The respective bag parameter is defined by the second
stability constraint (examined in Sec. III) for the maximum
possible α4 that allows for the utilization of thew ≥ 0 space.
E.g., for MTOV ¼ 2.6M⊙, Beff is defined by the second
stability constraint for α4 ¼ 0.594. The M − R graph of the
softest EoS is represented by the black solid line in Fig. 7(b).
Consequently, one can achieve a softer EoS and a more
robust compliancewith the depicted objects only by inducing
a depletion on the MTOV limit.
It is evident that the presence of an EoS softness bound in

the w ≥ 0 space implies a minimum possible value on the
tidal deformability Λ at a fixed mass M. For the EoS
corresponding to the solid black line in Fig. 7(b), the tidal
deformability of a 2.6M⊙ star is found to be Λ2.6 ¼ 22.11.
The stiffest EoS presented in the same figure for w ≥ 0,
yields a value of Λ2.6 ¼ 49.81. However, allowing for
parameter pairs from the w < 0 space can result in
magnitudes as low as Λ2.6 ¼ 5.96. This value corresponds

FIG. 8. The compliance of CFL quark stars with the GW170817 merger. (a) Dimensionless tidal deformability Λ as a function of the
normalized mass M=M⊙, adjusted at 1.4M⊙. The error bar represents the Λ1.4 ¼ 190þ390

−120 constraints concluded by the LVC [77].
(b) The average tidal deformability Λ̃ for different parametrizations. The dashed lines indicate the limits of the Λ̃ ¼ 300þ420

−230 constraint
[78]. The utilized Δ − Beff pairs are identical to the ones from Fig. 7(b).
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to the pair that produces the softest EoS presented in this
work, namely fΔ¼ 251MeV;B1=4

eff ¼ 175.75MeVg. Since
there were no evidence of measurable tidal effects in the
GW190814 signal [22], one can compare our results
with the conclusions drawn in [49], which read 4.6 <
Λ2.6 < 26.3.
In Figs. 8 and 9 we present the compliance of CFL quark

stars with the GW170817 event for α4 ¼ 0.55 (for the
depiction of the M − R and tidal credible levels of the
aforementioned event we utilized the publicly open python
functions provided byB. Lackey [80]). It isworth noting that
a reverse behavior is about to take place when higher Δ
values are utilized. Although extremely high gaps were
needed to achieve a soft enough EoS to describe the
aforementioned merger, it is evident from the figure that
the range between tidal deformabilities becomes smaller and
smaller as the gap rises. This indicates a maximum possible
value forΛ1.4 and a reverse effect for much higherΔ values.
This specific behavior is due to the constraints of the
compact object in HESS J1731-347. Particularly, the soft-
ness of the EoS at such highΔ originates from the respective
high Beff values which also bring theM − R graphs close to
the upper limit of the aforementioned object, as shown in
Fig. 7(b). Consequently, in order to prevent the violation of
that limit, theBeff space becomes narrower for much greater
Δ as the latter quantity rises, making the respective EoS
stiffer than the former one. This behavior is predicted from
Fig. 3 where the R0.9 min constraint steeply approaches the
MTOV limit. For α4 ¼ 0.55, the lines meet at about
Δ ≈ 253 MeV. Of course, one can deal with wider posterior
distributions (e.g., 1σ or 2σ confidence levels) to avoid such
circumstances.
Lastly, in Fig. 10 we show the behavior of CFL quark

stars in respect to the GW190425 event [36]. The two
parameter pairs that lie outside the required Λ̃ window

correspond to the softest possible EoS for w ≥ 0 and
MTOV ¼ 2.5; 2.6M⊙, while the rest included parameter
pairs are those utilized in Fig. 8. We thus conclude that
the equations of state corresponding to the w ≥ 0 do not
comply well with the GW190425 event either. We also
inform the reader that the absence of an equal mass bound
can induce some modest errors on our results.

VII. CONCLUSIONS

In this study, we aimed to explain the central compact
object within the HESS J1731-347 remnant as a CFL quark
star by using its marginalized posterior distribution and
imposing it as a constraint on the relevant parameter space.
We also required the quark stars to have sufficiently high
masses (≥2.6M⊙) to account for GW190814’s secondary
companion. By examining their behavior in respect to the
speed of sound and the trace anomaly, we concluded that
violations occur in both cases for w < 0, whereas for w ≥ 0
the contradictory takes effect. This indicates that their
interior strongly depends on the sign of the parameter w
(a2), which was previously noted by Miao et al. for the case
of the speed of sound [49] (for further discussion see the
work of Alford et al. [38]). Despite the need for extremely
stiff equations of state to reach masses of 2.6M⊙, we
showed that w < 0 values are not necessary to describe the
compact objects of interest, as long as the quartic coef-
ficient satisfies α4 ≤ 0.594. Indicating that we can attain
high masses without violating the conformal limit or the
positive trace anomaly bound. However, these quartic
coefficient values deviate from the expected value of
≈0.65 [38,41] and will diverge further if higher mass

FIG. 9. Λ1 − Λ2 relation for the parameters utilized in Figs. 7(b)
and 8. The 50% and 90% credible lines correspond to the
GW170817 event and are obtained from [77].

FIG. 10. The average tidal deformability Λ̃ for different para-
metrizations. The dashed line represents the Λ̃ ≤ 600 constraint
of the GW190425 event concluded by the LVC [36]. Parameter
pairs that lie within the confined window correspond to the same
pairs that were utilized in Fig. 8, while the two remaining pairs
correspond to the softest possible EoS that utilizes w ≥ 0
parameters, for two different established MTOV ¼ 2.5, 2.6M⊙.
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limits are established. Conversely, we can achieve values
closer to the expected one if a lower mass limit is taken
into account (we found that for MTOV ≥ 2.5M⊙ the limit
becomes α4 ≤ 0.643). In the instance of neglecting an
MTOV bound, we can explain the compact object in HESS
J1731-347 for any value of a4 in the examined range
([0.45, 1]) without exceeding the w > 0 area. The utiliza-
tion of the w ≥ 0 space and thus small Δ is not only favored
due to the evasion of the aforementioned violations, but
additionally due to the concluded surface temperatures of
the latter object, as presented in [20], and the restriction of
the Beff to small values which favors the existence of CFL
quark stars [37]. The insertion to the w < 0 is, however,
inevitable if we were also to account for the GW170817
tidal constraints, which require extremely high gaps
(Δ> 200 MeV) and thus cannot be described in the
w ≥ 0 space. Such magnitudes though can be decreased
if we establish a lower mass limit which results in softer
EoS. This additionally favors the compliance of CFL quark
stars described in the w ≥ 0 space with other various
astrophysical objects, as elaborated in Sec. VI. Our findings
also reveal a softness bound in the w ≥ 0 space, implying a
lower limit on the tidal deformability Λ at a fixed mass M.

Specifically, the lowest achievable value in the w ≥ 0 range
for a 2.6M⊙ star is found to be Λ2.6 ¼ 22.11. However,
by considering parameter pairs from the w < 0 space,
we can obtain significantly lower magnitudes, with the
softest equation of state (EoS) presented in this research
yielding Λ2.6 ¼ 5.96. These values can be compared with
the confinements concluded in [49] which regard the
GW190814 event and read 4.6 < Λ2.6 < 26.3. Future
observations and studies will shed light on the objects
mentioned and examined in this work, further determining
the course of our findings. Lastly, it is worth noting that in
the current study we considered non-rotating quark stars.
However, exploring the scenario of rapid rotation and
comparing the results with those of static configurations
and existing observational events holds great significance.
A study investigating this aspect is currently underway.
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