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Statistical VS Systematic Uncertainties

In summary:

> Statistical Uncertainties

o Easyto estimate High precision High precision

Good trueness Bad trueness

o Decrease with more data (~1/+/N, usually)

> Systematic Uncertainties

o Might decrease with more data (no guarantees)

o Difficult to estimate

o Introduce correlations in our measurements

Low precision Low precision
Good trueness Bad trueness
Spectroscopy Accuracy

Measurement Errors
(hitachi-hightech.com)
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Maximum Likelihood Estimation

> Maximizes the probability of model to describe the data

(w5—m)?
L(0)) = HPDF (x:]0)  eg L(u,olF)=]]e =

1

> For numerical stability, minimize —2In £(6|%)

R 2 —
> Gaussian case: —2In L (u,0]Z) = Z = 0'2IU) =X (9)

i

> Advantage: PDF can be anything
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Templates

> Analytical form of distributions

describing data not exactly 1200 b Data
B Background

known 1000 B Signal
> Two solutions 7z 800
o Empirical PDFs (e.g. Gaussian signal + 5 600
Exponential Background) 400
o Simulation, outputs are histograms 200
called Templates .

0 1 2 3 4 5 6

Measured Quantity
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‘“‘Stat. only fit”

> Likelihood:

— Data
L(nk=1,2‘n) T H ,P(nb‘yb) 1200 ; Ba(t?kground
be&bins 1000 BN Signal
v, = E :fbknk — E :nbk s 800
k=1,2 k=1,2 ZR
~
> Minimize —21InL(n1,n2) 100
> Profile Likelihood Scan 200
0
0 1 2 3 4 5 6

Measured Quantity
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‘“‘Stat. only fit”

> Likelihood:
L(nk=1,2 ‘n) — H P(nb ‘Vb) 1200 ; g:(t?iground

b&bins 1000 BN Signal

2 800
k=12 k=12 I
257 &5
i —— Likelihood profile 400
- N e stat. only
E 20 — - Gaussian approximation 200
st
~ i 0
Tl 0 1 2 3 1 5 6
:,:1 Measured Quantity
S 05F
| I —
_ > Param. of Interest (POI): 1. =1,
0.0 .

N (signal yield)
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Systematic Uncertainties



Types of Systematic Uncertainties

Non-exhaustive list:

Calibration

Detector acceptance and efficiency
Detector resolution

Background estimation

Modeling and Theory

Measurements from others

Y V V Y Y VY

etc..
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Covariance Matrices

Assume known systematic sources & uncertainties
How do we add this info to our measurements?

One solution: Covariance Matrix for each source

A G B

Final uncertainties, from sum of covariance matrices

— 2 2
A= Atrue + Astat + Asys O-A,stat 0 JA,sys
B= Btrue + Bstat + Bsys 0 g Bistat O-A,syso-B,sys

Same source — Correlated measurements

A.sys O-B,sys

B,sys
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Nuisance Parameters

> Parameters our model depends 1200 oD
. . 1000 B Signal
on, but their exact value is not of w
3 3 = ‘E 600
interest (liken,, =7, ) e
400
> Systematics affect the model 20
0
> Must be included as Nuisance s Measured Quantity
—— Likelihood profile
Para‘meterS! /g 200\ z:i:{s:ili:‘:;11)pr0ximati0n
T ool
2
0.0

n L 1 L L L L 1 L
1050 1100 1150 1200
T, 10
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MC Uncertainties

> Templates have statistical 1200 I
uncertainties — 5% — Diag(o7) 1000

I Signal

800

> Include Nuisance Parameters for £ o0
. =

each bin, for each Template: 6, 100

200

L 12:6,.2) = [T Pl v,(6)) TT M(0,10,C5) | o s

b Ebins k: 1 ,2 = — ill\:h(l:;:l(id profile
g 20F AGE\Il‘.\‘.\‘ii\I‘l approximation
Q
e (0) ;
Zj njk (1 + ijgjk) %
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Model (Shape) Uncertainties

> Modeling errors, e.g. A=2.0+0.2, 12505—
bkg only 1000 |

> Covariance matrix fully correlated
between bins

syst 250
Eky =0, Q O

Entries

> Likelihood has same form, but Measured Quantitiy
stat __ yostat syst
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Model (Shape) Uncertainties

1200 $ Data

> Modeling errors, e.g. A=2.0+0.2, A
bkg On]_y 1000 Bl Signal
8 800
> Covariance matrix fully correlated £ o
between bins 400
Syst 200
> ky = 0L Q O .
> Likelihood has same form, but ,. Measured Quantity
S tat o S ta t Syst - — L:::h(l::l«id profile
Ek % Ek — Ek _|_ Ek E 20p Gaussian approximation
S5
0.0
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Normalization (Multiplicative) Uncertainties

> Errors on total scale factors 1200 o

(luminosity, efficiency, etc) 1000 il
w800
> Let’s introduce 2% uncertainty E o0
. . o o =
on signal tracking efficiency 100
200

> Modify signal yield
771 (01 ) 08) — 771 (01 ) (]. —l— 0888) - Measured Quantity

—— Likelihood profile
= . F O\ v e stat. only
—— Likelihood profile E 20 1Ay - vimats
. L = Gaussian approximation
= Gaussian approximation =
=20 Na¥
£ S5
A 15E =
g 9 N
~ + 1oL
T 10f QU
3 5
— (o] 0.5F
A osf |
0.0 L~ L 1 1 1 L L 0.0.‘.1“..|.." eSS ISR S R
—15 —10 —05 0.0 0.5 1.0 1.5 1050 1100 1150 1200 1250
05
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Final Likelihood

J

L(ﬂl’ 7727 087 917 92) - H P (nb ‘Vb (771, 7727 08’ 01’ 02)) 1200 ; g:(t‘;ﬂrouu(l
bebins 1000 oy Sign;
X H N(6,10,Cr) x N(05]0,1) 4 s
k=1,2 *E 600
=
400
nbk 1 + kugbk)
I/(’I’]: ,9,0: ): (1+0851k) 200
b\ k=129"Y81 V=12 e Z]‘ nk(l + ijsjk) sCs

Measured Quantity

. . 2.5
Y = EJkVI ¢4 EZySt — ()} (Correlation Matrix) — Likelood e
= 2.0F Gaussim; approximation
€ (Relative Uncertainties) T ol
bk/s <
0.0 b——

P B i N T
1050 1100 1150 1200 1250
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Some References

> Very good modern book: Data Analysis in High Energy Physics
o Olaf Behnke, Kevin Kroninger, Grégory Schott, and Thomas
Schorner-Sadenius

> Classic #1: Statistical Data Analysis
o Glen Cowan

> (Classic #2: Statistics
o R.J.Barlow

> Hidden Gem: Systematic uncertainties and profiling
o Wouter Verkerke
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https://www.precision.hep.phy.cam.ac.uk/wp-content/people/mitov/lectures/GraduateLectures/Advanced-Statistics-Verkerke.pdf

Thank you for the attention!

Questions?






Plots-only procedure



Initial Template

¢ Data
B Backeround

1000 B Signal

800

600

Entries

400

200

0 1 2 3 4 5) 6
Measured Quantity
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Entries

1000

800

600

400

200

t

2 3 4
Measured Quantity

Data
B Background
Bl Signal

—— Likelihood profile
./ET 20 \ 7 stat. olnly . '
g - Gaussian approximation
Qo f
= 1.5
(o]
+ 1oL
@
=
CT 0.5
0.0
1050 1100 1150 1200
),
2.5
3 —— Likelihood profile
.’é\ 2oL \ 7 stat. o'nl_v . '
g F Gaussian approximation
t)/ 5L
6 R
(o]
+ 10f
L [
s
‘T 0.5
| IR T RS | 1 | E—— |

8350 8400 8450 8500 8550 8600

T,

8300
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t

Data

—— Likelihood profile

R L S stat. only
B Background £ 20 P
g - Gaussian approximation
1000 B Signal g
1.5
A
(o]
n 800 T 10
) @
.: E
+— 0.5
GJ(:“ 600 |
0.0
400 1150 1200
2.5
200 » —— Likelihood profile
.’é\ 20 FN e stat. only .
= T Gaussian approximation
0 =
‘ / 1.5
2 3 4 5) g
4 (N
h[eas{lred Q*llantit}f Pull on Background Nuisance + 1.0
g 3F Post-fit Errors B [
9 Pull on Signal Nuisance =
= ) 0.5
3 2F Post-fit Errors |
2
o
Q 1_ OA PR RS T N SR | AT U ST NS |
~ 8300 8350 8400 8450 8500 8550 8600
'_§ 0F T,
=
2 F
) -1
—9 1 I I I |
0 10 20 30 40
0
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Stat. + MC + Model

t

Data

—— Likelihood profile

""" stat. only

B Background g 20 G abmrosiati
i g aussian approximation
1000 B Signal g
= 1.5
N
n 800 T 10
2 o
— g
=~ 5
E 600 | 0.5
m 0.0
400 1050 1100 1150 1200
Uk
2.5
200 —— Likelihood profile
’E 9oL = stat. only
'é' ) Gaussian approximation
0 =
@
2 3 4 5 El
4 ™
h[eas{lred Q*llantit}f Pull on Background Nuisance + 1.0
g 3F Post-fit Errors Q
9 Pull on Signal Nuisance 5 -
E 2k Post-fit Errors | 0.5
%
a 1k
~ 8300 8400 500 8600
.-§ 0F T]Z
N
7 -
—9 1 I I I |
0 10 20 30 40
0
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Stat. + MC + Model + Normalization

+ Data —— Likelihood profile
B Background Eo20F \ v 7 Cstatonly
g Gaussian approximation
1000 Bl Signal 3 sk
= L
N
7z 800 * o
lz 5
N 5L
E 600 | 0.5
m 0.0 ! ! - - !
400 1050 1100 1150 1200 1250
Uk
2.5
200 —— Likelihood profile
’E 9oL \» T stat. only
'é' ) Gaussian approximation
0 ‘ / = ! 1.5}
0 1 2 3 4 5) 6 £
4 ™
h[eas{lred Q*llantit}f t  Pull on Background Nuisance + 1.0F
g 3F Post-fit Errors Q
9 ¢ Pull on Signal Nuisance =
= . N 05k
S 2F Post-fit Errors | .
>
5
A 1k 0.0
= 8300 8400 8500 8600
2 of ",
gl
=]
gt
7 -
—9 1 I I I |
0 10 20 30 40
0
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Fit Uncertainties



Uncertainties (from fit)

> Let’s fit the following model s | y = B

fiot(z|8,b, p,0,7) = s - Gauss(z|u, o) + b- Exp(z|r) o}

300 F

200 | m

100 |

Events/ 5 GeV

1.25

1.()(): l ‘I}I I, ‘I- ¥ I }I I |’

0.75

Data
Expected

Invariant Mass [GeV]
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Uncertainties (from fit)

> Let’s fit the following model: @ ==T8 = Bt

[ Fitted
400 _ 4 Data

ftot(mlsa b, p, 0, T) =S5 Gauss(:r:],u, 0) +b- EXp(£B|T) »
300 F
> Minimize —2 ln ﬁ(S, b, M, O, Tldata,) 200:— o I

o 5D likelihood! : '

100

———

Events/ 5 GeV

0"“‘1““1““1““1““'

1.95F
1.00 | : ! b t

Data

Expected

0.75;..‘.1‘..‘1.‘..1..‘.}1‘...|..‘.

1.25 |

1.00 | | } } t

Fitted

Data

0-75 - n L - 1 - n - n - " | - L TR | TR n T n TR n
75 80 85 90 95 100 105
Invariant Mass [GeV]
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Uncertainties (from fit)

L= 89.8 - 0.106 + 0.106

> Let’s fit the following model:

10 |+ E i
ftot(xlsa b7 K, 0, T) =8 Gauss(w’:u*a 0) +b- EXp(CL”T) | E E
s s
> Minimize —21In L(s,b, u, o, 7|data) ?
o 5D likelihood! = gl ! i
. . <3 I i i
o Show projections | | |
S| | |
1D scan of the likelihood over 1 parameter (11) : E E
s E
> [ -—- Fitted E 5
> Get (stat) uncertainties from points ‘L. AT
89.5 89.6 89.7 89.8 89.9 90.0 90.1
where —2InL=-2InLm+1 u [GeV]
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Uncertainties (from fit)

> Let’s fit the following model:

0.5

frot (2|8, b, p, 0, 7) = s - Gauss(z|u, o) + b - Exp(z|7) 0

1000 -

> Minimize —21In L(s,b, u, o, 7|data) -

o 5D likelihood! 9
o Show projections 09
> Another estimate of X

uncertainties: inverse Hessian

06?

AL M—O0 2 , -1 7.
Vo) = {-n(Z5),

(Cramer-Rao bound)

i
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o
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o
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=
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L 1
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iV,

950 1(]()() 1050

S

9
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b
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9.5 10.010.5
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Evaluation of Sys. Uncertainties



Evaluation of Systematic Uncertainties (a common case)

> Uncertainties on external input

x104

parameters 5L —1 ) Nominal T
L 3 +1o
. I I 3 -lo
> + »
Simulate at +1c for each N — |
parameter ke ||
[) |
. Y O ¢
> Resulting variations are 0 31
systematic uncertainties % :
> 2T
> e.g. Resonance width for MC al:
simulation, I' = 2.5+0.5 GeV 1t
: :‘_‘—
075 80 85 90 95 100 105

Invariant Mass [GeV]
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