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Introduction
[ ]

Motivation

e Liouville Theory [Liouville 1853] is one of the most
well-studied Conformal Field Theories

o Scalar field in 14+1d in an exponential potential
V(®) = 2u2€*®, u - "Cosmological constant”
o Possesses conformal symmetry
o Describes 2D gravity, bosonic strings
[Dorn, Otto 1994] [Teschner 2001]
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Classical Picture
@00

e (1,0) € R! x S! - Cylinder

020 — 2 + 4p%e*® =0

@ Work in chiral coordinates R

space
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r=74+0, T =T—0
o
) ]
@ General solution L
e = i | o Poue v

@ Asymptotic fields

p TFo, T—Fo0 P

in/out q
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Classical Picture
oeo

Classical Solution

@ /o satisfy the free field equation
(zero mode + oscillations)

— x + ‘i . a’ffl, —q . a’"l/ —q T
Pin(z,Z) = q+p =1 § —e " — E —e "
2 m m
m>0 m>0

@ Poisson brackets are given as

(1 ah =1 {0} = 50 {n, 0} = S8

2

@ For the out-field ¢ — ¢, p = p= —p and a,, — by,
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Classical Picture
ooe

Classical solution

@ Using the general solution and the Poisson brackets we can
directly relate in and out fields [Teschner 2001]

_Qout(zyi) — m(ﬂJ 33) / / d Din $+y7$+y)
e e 6
,u smh2 (2mp) i

@ Non-perturbative relation

o Aim:
e Find a quantum version of this relation
e Use it to study transition amplitudes
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Quantum Picture
[ JeJele]e]

Quantization

e Canonical quantization[Dirac, 1982] maps modes to operators
DD q— G Gy — gy Qg — G .

and Poisson brackets to commutators

o} = 3]
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Quantum Picture
0@000

Quantization

@ Relation between quantum in/out fields [Teschner 2001]

. 7q>out(myi) .
- € ' 2s1nh / /

(I)ln(m ) . .n(z+y,$+y) 271']7 . 1

e " 2sinh(7p)

in(ni : .
o ui= MQ% - Renormalized cosmological constant

@ :---: - Normal ordering
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Quantum Picture
[e]e] lele]

Fock Space

o Asymptotic vacuum states - |-)i, out are defined as
out<i7’p>in = 5@5 + p)R(p)
e R(p) is known as reflection ampitude and we can write

’p>in = R(p)| - p>out
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Quantum Picture
[e]e]e] Jo]

Fock Space

@ Asymptotic coherent states are defined using vacuum states

2 ay .,
|p, ak)in = exp 727 |D)in

k>0
(5,57 = ow(Blexp [ 25 Ly
out\/Ms Y] out h — l

@ Coherent states are eigenstates of the creation operators

ak|p, ak)in = ag|p, ak)in
out<1’ba bﬂb]; = out<]~97 bﬂb)lk
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Quantum Picture
Q000e

S-Matrix

@ Definition of the S-Matrix as the transition amplitude
out(Ds 07 |ps ak)in = 0(p + p) R(p) Sp(b7, ax)
o Note:
exp (hz lb;) =pin = Sp(b},0)=1
>0
and similarly S,(0,a) =1
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Solution
00000000

Solution

e Aim: Find expressions for S,(b}, a;) and R(p)

@ By projecting the asymptotic field relation between the
coherent states we derive a recurrence in a; and b}

o By setting aj, = b = 0 we get function equation for R(p)

72122
— q'p —ih
F(p) sinh(7p) sinh(7wp — iwh) Bp = i)
with
2
~ :/ dy (p zh)(y—w)( ez’y)h _ F(l + h)
LA o © ['(1—ip)L(1+ h+ ip)
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Solution
[e] lelelelele]e)

Reflection Amplitude

@ This recurrence is solved to get

_w_D(ip/h)T'(ip)
['(—ip/R)I'(—ip)

@ The result is in excellent agreement with the well known
DOZZ formula
[Dorn, Otto 1994]
[Zamolodchikov, Zamolodchikov 1996]

R(p) = —(ugl*(n))
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Solution
[e]e] lelelee]e)

First Level Transition

@ Using the expression for R(p) recursion for the S-matrix is
derived

@ In the case of b7 = 0 it simplifies to

L (" dy pinyy-m) iy\h N dm —im(aty)
— —e (1 —e")"exp 222%‘6

m>0
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Solution
[e]e]e] lelelele)

First Level Transition

@ Sis holomorphic = Expand and collect terms linear in a; to
get the First level transition

21+h—1dp

Sl = T

e Similar to R(p) this also agrees with the results in
[Zamolodchikov, Zamolodchikov 1996]
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Solution
[e]e]e]e] lelele)

Solution

@ To continue we define

2 by, am N
U(bl,ak)—exp - )Sp( laak)

“h m
m>0
e At b = a introduce new notation Uy(a,) which coincides
with the normal symbol for the S-matrix with n # 0
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Solution
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Solution

@ At p = ihN where N € Z we can write a recursive relation

1 d m —
Uinn(an) = / 272 N oxp <2z2 zm(m+y))

YihN =

-
X Uin(n-1) <Gn+ %e’ — iho e”(“y))

e With




Solution
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Solution

@ Assuming no scattering at p = 0 i.e. Up(a,) = 1 we get the
same result as from the path integral representation of the
S-matrix [Jorjadze, Theisen 2021]

Uih(an) =1 + Z ; Z m&nlmnw In = QZe(n)an
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Solution
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Solution

e We can analytically write the solution of Uyn(ay) in the form
of an N-dimensional integral

N

B 1 ¢y d¢n
Un(an) = };[1 Yo ?{ 27l 7{ 27l

exp (ziz‘jj@;u--g”)) I (Cata)"(Ca— o)~

n>0 1<a<B<N

@ These are Dotsenko-Fateev - type integrals

@ The results can be analytically continued to N ¢ Z*
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Conclusion
e0
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Thank You!
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Addendum
Quantum Fields

. o Pout(z7) . _ e_QOut+pTE‘( Dt (z )E( Dt (2)E (—1)($)E (—1)(:%)

out

VB (@E L (@E Y (@

e ®in(@T) . —antpT
ce in —e in E N

Vi(z, ( )
. 62¢’in(z,z) 2q,n+p(z+z QW)E (2) ( )E (2)1‘(Z)E n2) (Z)E (2) (E)

n




Addendum
Quantum Fields

oD, 0| = € P57 | ag)iy = 8(p+ p — ih) e/ R(p)

by, h
exp (22 me””‘”) Sy <b:‘n - %eillz, ak>
m

m>0
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