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“Scene 1”

Prologue:
A Query In Quantum 

Formulation 
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“Scene 11”

Geometric Classical 
Mechanics:

On The Virtue of Manifolds



Differential and Manifold Geometry

𝛺𝑎𝑏 ∶ symplectic form, i.e.  a closed non-degenerate 2-form

𝛤, 𝛺 : symplectic manifold, i.e. a manifold 𝛤 equipped with the symplectic form 𝛺

𝑇𝑝 𝛤 ≅ 𝑂𝛤,𝑝 ∕ 𝑆𝛤,𝑝
∗

Tangent space for 𝑝 ∈ 𝛤 

Geometric Quantum Mechanics

Aug. 2024

A. Dadras



Vector field 𝑋: 𝛤 → 𝑇 𝛤  , symplectic 

structure preserved under “motion” of X  

along 𝛤 if 𝑑𝑖𝑋𝛺 = 0

𝑖𝑋𝛺 is closed and exact 

⇒ ∃𝑓, 𝑓: 𝛤 → ℝ 𝑠. 𝑡.  𝑖𝑥𝛺 = 𝑑𝑓

⇒ 𝑋𝑓
𝑎= 𝛺𝑎𝑏𝜕𝑎𝑓𝑎

i. 𝑓 is an observable

ii. 𝑋 is a locally Hamiltonian 

Vector Field

Physical Motive  Mathematical Motive  
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Algebra

ℒ𝑋𝑓
𝛺 = 0 ⇒ ℒ𝑋𝑖𝑌 − 𝑖𝑌ℒ𝑋

= 𝑖 𝑋,𝑌

𝑂𝑐𝑙 ≔ ȁ𝑓 𝑓: 𝛤 → ℝ, 𝑠𝑚𝑜𝑜𝑡ℎ

𝐹𝑜𝑟 𝐹, 𝐺 𝜖𝑂𝑐𝑙 , 𝐹, 𝐺
𝑐𝑙

≔ ∂𝑎𝑓 𝛺ⅆ𝑏 ∂𝑏𝑔 = 𝛺 𝑋𝐹 , 𝑋𝐺

⇒ A Lie "structure" on Oqu !
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“Scene 111 ”

Geometric Quantum Theory:
Geometry mirrors Algebra



Quantum Algebra 
𝑶𝑞𝑢

𝐹𝑜𝑟 𝐹, 𝐺𝜖𝑂𝑞𝑢, 𝐹, 𝐺
𝑞𝑢

≔
1

𝑖ℏ
𝐹, 𝐺

⇒ A Lie "structure" on Oqu !

F, G
+

: =
1

2
F, G

+

⇒ A commutative structure on Oqu!

𝑓, 𝑔 𝑐𝑙 = 𝐹, 𝐺
𝑞𝑢

1

2
𝐹, 𝐺

+
= 𝑓𝑔 (pointwise)

For 𝐹, 𝐺, 𝐻𝜖𝑂𝑞𝑢,

𝐹, 𝐺, 𝐻
+ +

= 𝐺, 𝐹, 𝐻
𝑞𝑢 +

+ 𝐹, 𝐺
𝑞𝑢

, 𝐻
+

𝐹, 𝐺, 𝐻
+ +

− 𝐹, 𝐺
+

, 𝐻
+

=
ℏ

2

2

𝐺, 𝐹, 𝐻
𝑞𝑢

𝑞𝑢
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Geometrizing Algebraic Structure
𝑯

𝑯 

𝐽: 𝐻 →  𝐻 

𝛹 ↦ 𝑖𝛹

For 𝛷, 𝛹𝜖𝐻, 𝛷, 𝛹 =
1

2ℏ
𝐺 𝛷, 𝛹 +

𝑖

2ℏ
𝛺(𝛷, 𝛹)

𝛷, 𝛹 = 𝛷, 𝛹 ⇒ ൞

𝛷, 𝛷 = 𝐽𝛷, 𝐽𝛷  (1.1)

𝐺 𝛷, 𝛹 = 𝐺 𝛹, 𝛷  (1.2)

𝛺 𝛷, 𝛹 = −𝛺 𝛹, 𝛷  (1.3)

𝐺 𝛺 𝐽

𝐺 𝐽𝛷, 𝐽𝛹 = 𝐺 𝛹, 𝛷  and 𝛺 𝐽𝛷, 𝐽𝛹 = 𝛺 𝛹, 𝛷  (2)

⇒ ൞

𝐽 is an isometric symplectomorphism by 1.1 , (2)
𝐺 isa positive − definite real inner product by (1.2)

𝛺 is skew − symmetric by (1.3)
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𝑯 As Kähler 
Manifold

𝛺, 𝐺: 𝑇𝛹𝐻 × 𝑇𝛹𝐻 → ℝ

strongly non-degenerate bilinear forms

J: complex structure

𝐺: real inner product

𝛺: skew-symmetric closed 2-form (𝑑𝛹𝛺 = 0)

⇒ (𝐻, 𝛺,J) is a Kähler manifold equipped 

with real inner-product G!
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“Scene 1v”

Schrödinger Equation:
Mathematical 



Vector Fields on H
𝐹 ∈ 𝑂𝑞𝑢 ;  𝐹: 𝐻 → 𝐻, 𝛹 ↦ መ𝐴𝛹

⇒ 𝑖𝑠 𝑏𝑦 𝑑𝑒𝑓𝑖𝑛𝑖𝑡𝑖𝑜𝑛 𝑎 𝑣𝑒𝑐𝑡𝑜𝑟 𝑓𝑖𝑒𝑙𝑑 𝑜𝑛 𝐻

𝑌 𝐹: 𝐻 → 𝐻, 𝛹 ↦ −
1

ℏ
𝐽 𝐹𝛹

𝑑𝐹 𝜂 =
𝑑

𝑑𝑡
ቚ𝛹 + 𝑡𝜂, 𝐹 𝛹 + 𝑡𝜂

𝑡=0
= 𝛹, 𝐹𝜂 + 𝜂, 𝐹𝛹 = 2 Re 𝜂, 𝐹𝜓

=
1

ℏ
𝐺 𝐹𝛹, 𝜂 = 𝐺 𝐽𝑌 𝐹 𝛹 , 𝜂 = 𝛺 𝑌 𝐹 , 𝜂 = 𝑖𝑌𝐹

𝛺
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Equivalence to Hamilton’s Equation

𝑇ℎ𝑒 𝑆𝑐ℎ𝑟ö𝑑𝑖𝑛𝑔𝑒𝑟 𝑣𝑒𝑐𝑡𝑜𝑟 𝑓𝑖𝑒𝑙𝑑 𝑌 𝐹  𝑑𝑒𝑡𝑒𝑟𝑚𝑖𝑛𝑒𝑑 𝑏𝑦 𝑡ℎ𝑒 𝑜𝑏𝑠𝑒𝑟𝑣𝑎𝑏𝑙𝑒 𝐹 ∈ 𝑂𝑞𝑢

⇔ 𝐻𝑎𝑚𝑖𝑙𝑡𝑜𝑛𝑖𝑎𝑛 𝑣𝑒𝑐𝑡𝑜𝑟 𝑓𝑖𝑒𝑙𝑑 𝑋𝐹  𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑒𝑑 𝑏𝑦 𝑡ℎ𝑒 𝑒𝑥𝑝𝑒𝑐𝑡𝑎𝑡𝑖𝑜𝑛 𝑣𝑎𝑙𝑢𝑒 𝑜𝑓 𝐹.
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“Scene v1”

Uncertainty Relations:
Back To Algebra



i. Poisson Brackets 

𝐹𝑜𝑟 𝐹, 𝐾 ∈ 𝑂𝑞𝑢, 𝐹, 𝐾
𝑞𝑢

: 𝐻 → ℝ

−
1

ℏ
𝐽 𝐹, 𝐾 𝛹 =

1

ⅈℏ
𝐹𝛹, 𝐾𝛹 − 𝐾𝛹, 𝐹𝛹

2

ℏ
Im 𝐹𝜓, 𝐾𝜓 =

1

ℏ2 𝛺 𝐹𝜓, 𝐾𝜓

⇒ 𝑌 𝐹, 𝐾 𝛹 = 𝛺 𝑌 𝐹 , 𝑌 𝐾 = 𝛺 𝑋 𝐹 , 𝑋 𝐾 = 𝐹, 𝐾

⇒ 𝑇ℎ𝑒 𝑖𝑛𝑑𝑢𝑐𝑒𝑑 𝑎𝑙𝑔𝑒𝑏𝑟𝑎𝑖𝑐 𝑜𝑝𝑒𝑟𝑎𝑡𝑖𝑜𝑛 𝑖𝑠 𝑎 𝑃𝑜𝑖𝑠𝑠𝑜𝑛 𝐵𝑟𝑎𝑐𝑘𝑒𝑡.
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ii.   Riemann Brackets 

𝐹, 𝐾
+

: 𝐻 → ℝ

1

2
𝐹, 𝐾

+
𝛹 =

1

2
𝐹𝛹, 𝐾𝛹 + 𝐾𝛹, 𝐹𝛹 =

1

2ℏ
𝐺 𝐹𝜓, 𝐾𝜓

⇒
1

2
𝐹, 𝐾

+
𝛹 =

ℏ

2
𝐺 𝑌 𝐹 , 𝑌 𝐾 =

ℏ

2
𝐺 𝑋 𝐹 , 𝑋 𝐾

⇒ 𝑇ℎ𝑒 𝑖𝑛𝑑𝑢𝑐𝑒𝑑 𝑎𝑙𝑔𝑒𝑏𝑟𝑎𝑖𝑐 𝑜𝑝𝑒𝑟𝑎𝑡𝑖𝑜𝑛 𝑖𝑠 𝑎 𝑅𝑖𝑒𝑚𝑎𝑛𝑛 𝐵𝑟𝑎𝑐𝑘𝑒𝑡.
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Uncertainty of Observables

Δ 𝐹
2

= 𝐹 − 𝐹2 = 𝐹1
𝐹

+
− 𝐹2, 

−
1

ℏ
𝐽 𝐹, 𝐾 𝛹 = Δ 𝐹

2
Δ 𝐾

2
≥ −

𝑖

2
𝐹, 𝐾

2

=
ℏ

2
𝐹, 𝐾 𝑞𝑢

⇒ Δ 𝐹
2

Δ 𝐾
2

≥ −
𝑖

2
𝐹, 𝐾

2

+
1

2
𝐹′, 𝐾′

+

2

, 𝐹′ 𝛹 ≔ 𝐹 𝛹 − 𝐹 𝛹

⇒ Δ 𝐹
2

Δ 𝐾
2

≥
ℏ

2
𝐹, 𝐾 𝑞𝑢

2

+ 𝐹, 𝐾 + − 𝐹𝐾 2
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Conclusion & Outlook For 
The Futur
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[Curtain.]
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