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Structure of the presentation

• Part 1: Some operators that we used to construct homogeneous harmonic
functions;

• Part 2: Composition of these operators;
• Part 3: Inverse operators and examples of using them.
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Definitions

Harmonic function: ∆u = 0 (Laplace equation);
The Laplacian operator: ∆ =

∑n
i=1 ∂

2
xixi , where n - quantity of dimensions in the

space.

Homogeneous function according to Euler: u(λx) = λqu(x), where q is degree of
homogeneity of the function.
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Introduction

Application: Quantum field theory.

Previous investigations:

• three-dimensional space;
• integer degree of homogeneity;
• degree of homogeneity is q ∈ (−4; 0).

Purpose: Construction of harmonic functions in two-dimensional Euclidean space
with arbitrary non-integer degree of homogeneity.
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Problem Statement

Suppose G be a domain in R2 (simply- or multi-connected).

Let us introduce the space
H(G) = {u ∈ C2(G) : ∆u = 0,u(λx) = λqu(x),q ∈ Q, x ∈ G}.

It is required to construct ‘new’ functions v ∈ H(G) by a given initial function
u ∈ H(G).
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Some methods of construction of homogeneous harmonic functions

1. By Thomson transform of the original function

v(z, z̄) = T u(z, z̄) = u(1z̄ ,
1
z )

2. Using the integral operator

v(z, z̄) = Ku(z, z̄) = i
z∫
z0
(u′z̄dz̄− u′zdz)

3. By applying first order differential operators {L}

v(z, z̄) = Lu(z, z̄)
L = (α1z+ β1)∂z + (α2z̄+ β2)∂z̄, where αk, βk ∈ C, k = 1, 2
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Thomson transform T

Harmonic functions u ∈ H(G) satisfy the Kelvin-Thomson transformation:

v(z, z̄) = T u(z, z̄) = u(1z̄ ,
1
z )

• guarantees membership v ∈ H(G)
• changes the degree of homogeneity of the function

Action of the Thomson transform on the function

u(z, z̄) = µzq + γz̄q,u ∈ H(G)

leads to the function

v(z, z̄) = γz̄−q + µz−q.
=⇒ v ∈ H(G) and the degree of homogeneity changed by taking the value of -q.

7



Integral operator K

ω = i(u′z̄dz̄ − u′zdz) - closed differential form.

v(z, z̄) = Ku(z, z̄) = i
z∫
z0
(u′z̄dz̄− u′zdz)

• guarantees membership v ∈ H(G);
• degree of homogeneity q is preserved v(λz, λz̄) = λqv(z, z̄).

As a function we take a polynomial with degree of homogeneity q

u = µzq + γz̄q,u ∈ H(G)

‘New’ homogeneous harmonic function is given by

v(z, z̄) = i[γz̄q − µzq]− i[γz̄q0 − µzq0].

=⇒ degree of homogeneity is equal to the degree of the original function. 8



Differential operators L

In general the operators will be given by:

LA = (α1z+ β1)∂z + (α2z̄+ β2)∂z̄ ,
where A(z, z̄) = (α1z+ β1, α2z̄+ β2), αk, βk ∈ C, k = 1, 2

Action of the operator LA on the function u = µzq + γz̄q is given by:

v(z, z̄) = LAu = qµ(α1z+ β1)zq−1 + qγ(α2z̄+ β2)z̄q−1

To ensure the harmonicity of the function, let us assume

α1 = α2 = 0 : v1(z, z̄) = q[µβ1zq−1 + γβ2z̄q−1]

β1 = β2 = 0 : v2(z, z̄) = q[µα1zq + γα2z̄q]

=⇒ the degree of homogeneity is either maintained or reduced by one unit.
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Composition of transformations T и LA

Consider the action of the operator LA ◦ T on the harmonic function u(z, z̄) :

v1(z, z̄) = L1u(z, z̄) = (LA ◦ T )u(z, z̄) = −(α1
z + β1

z2 )u
′
z(

1
z̄ ,

1
z )− (α2

z̄ + β2

z̄2 )u
′
z̄(

1
z̄ ,

1
z )

=⇒ Function v1 ∈ H(G) either at α1 = α2 = 0, or at β1 = β2 = 0

Consider the action of the operator T ◦ LA on the harmonic function u(z, z̄) :

v2(z, z̄) = L2u(z, z̄) = (T ◦ LA)u(z, z̄) = (α1
z̄ + β1)u′z(1z̄ ,

1
z ) + (α2

z + β2)u′z̄(1z̄ ,
1
z )

=⇒ Function v2 ∈ H(G) at α1 = α2 = 0.
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Reconstruction formula

Consider the action of the composition of transformations LA ◦ T on the function
u(z, z̄):

w(z, z̄) = L1u(z, z̄) = LAv(z, z̄)

Let us fix the initial conditions u( 1
z̄(0) ,

1
z(0)) = v(z(0), z̄(0)) = v(z0, z̄0) = v0.

Function v will be the solution of following Cauchy problem:

LAv(z, z̄) = w; v(z0, z̄0) = v0

The above problem has a solution in the form:

u(z, z̄) = T −1u(1z̄ ,
1
z ) = u0 + T −1

t∫
0

w(z(τ), z̄(τ))dτ
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Case №1

In the vector field A(z, z̄) = (α1z+ β1, α2z̄+ β2) we assume the parameters
β1 = β2 = 0.

The field taking into account the initial conditions will be given by
A1(z, z̄) = (α1z, α2z̄);
ż = α1z
ż̄ = α2z̄
z(0) = z0
z̄(0) = z̄0

=⇒ z(t) = z0eα1t, z̄(t) = z̄0eα2t ;

u(z, z̄) = T −1u(1z̄ ,
1
z ) = u0 + T −1

t∫
0

w(z0eα1τ , z̄0eα2τ )dτ
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Example №1

Consider a homogeneous function of the following form:

w = µzq + γz̄q , w ∈ H(G);µ, γ ∈ C

The solution is of the form:

u(z(t), z̄(t)) = u0 + µ
α1q z̄

−q + γ
α2qz

−q + C0, C0 = − µzq0
α1q −

γz̄q0
α2q

=⇒ function u ∈ H(G) under the condition u0 + C0 = 0.
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Case №2

In the vector field A(z, z̄) = (α1z+ β1, α2z̄+ β2) we assume the parameters
α1 = α2 = 0.

The field taking into account the initial conditions will be given by
A2(z, z̄) = (β1, β2);
ż = β1
ż̄ = β2
z(0) = z0
z̄(0) = z̄0

=⇒ z(t) = β1t+ z0, z̄(t) = β2t+ z̄0 ;

u(z, z̄) = T −1u(1z̄ ,
1
z ) = u0 + T −1

t∫
0

w(β1τ + z0, β2τ + z̄0)dτ
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Example №2

Consider a homogeneous function of the following form:

w = µzq + γz̄q , w ∈ H(G);µ, γ ∈ C

The solution is of the form:

u(z, z̄) = u0 + µ
β1(q+1) z̄

−q−1 + γ
β2(q+1)z

−q−1 + C0, C0 = − µ
β1(q+1)z

q+1
0 − γ

β2(q+1) z̄
q+1
0

=⇒ function u ∈ H(G) under the condition u0 + C0 = 0.
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Results

• The transformations in the space of homogeneous harmonic functions,
allowing to construct harmonic functions with a degree of homogeneity
different from the initial one, are specified;

• The solution of the problem on construction of homogeneous harmonic
functions on initial ones in a general form for the specified methods is
received:

• Some examples are given to illustrate these methods.
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